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Abstract
In a background independent theory without boundary, physical observables may
be defined with respect to dynamical reference systems. However, I argue here that
there may be a symmetry that exchanges the degrees of freedom of the physical frame
of reference with the other degrees of freedom which are measured relative to that
frame. This symmetry expresses the fact that the choice of frame of reference is arbi-
trary, but the same laws apply to all, including observer and observed..
It is then suggested that, in a canonical description, this leads to an extension of
the Born duality, which exchanges coordinate and momentum variables to a triality
that mixes both with the temporal reference frame. This can also be expressed by
extending 2n dimensional symplectic geometry to a d = 2n+1 dimensional geometry
with a cubic invariant. The choice of a temporal reference frame breaks the triality of
the cubic invariant to the duality represented by the canonical two form.
We discover that a very elegant way to display this structure which encompasses
both classical and quantum mechanics, is in terms of matrix models based on a cubic
action. There we see explicitly in either case how a spontaneous symmetry breaking
leads to the emergence of a temporal reference frame.
Note:: This article draws partly on [16] and in part supersedes [15].
∗lsmolin@perimeterinstitute.ca
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1 Introduction: triality and dynamical reference frames
One of themost fundamental principles activating our search for a common completion of
general relativity and quantum mechanics is background independence. This principle
asserts that the laws of physics not depend on any, fixed, non-dynamical background
structures[1, 2, 3, 4]. Background independence underlies all our modern understanding
of the fundamental forces as its avatars in field theory are diffeomorphism invariance and
local gauge invariance
Another consequence of background independence is that the common completion of
quantummechanics and general relativitymust be a cosmological theory. In [4]Mangabeira
Unger and I make a detailed analysis of how a theory of the whole universe as a closed
system must differ from a theory of a portion of the universe. This is also argued in
[1, 2, 3].
In particular a theory of the whole universe contains its observers and frames of ref-
erence as dynamical subsystems. As Einstein taught us, any complete description of a
physical observable contains, implicitly at least, a description of how a frame of refer-
ence, which gives a precise meaning to that observable, is established in each concrete
application to a physical system. Most importantly, any theory that ascribes times to
physical events, must contain a dynamical description of an internal clock. Similarly, any
use of location or velocity must begin as a measurement of relative position-between the
system under study and a physical system that is defined as a frame of reference.
It is very important to understand that fundamentally, nothing-except a certain very
minimal level of complexity, distinguishes the physical subsystems of the universe that
we choose to play the roles of frame of reference and/or observer, from other subsystems,
which we use the frame of reference to describe. Hence, any description that employs one
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subsystem as the frame of reference, whose clock readings and rulers define physically meaningful
quantities, breaks a symmetry.
That symmetrymixes up observer and observed, as it expresses the obviously true fact
that both the observer or frame of reference and the physical systems whose description
they anchor are physical subsystems of the universe. Consequently, so long as each has
sufficient complexity, it must be possible to give a description in which the two systems
trade places-and what was the physical system is now the frame of reference, and vice
versa.
This implies that there must be two novel structural elements: first, a symmetrical de-
scription of the system in which the degrees of freedom usually described are mixed up
with degrees of freedomwhich, when frozen, create a reference system. Second, this sym-
metry must be spontaneously broken, in a way that freezes and decouples those degrees
of freedom that will serve as the reference systems.
It follows directly from this that if there is already a symmetry amongst a number of
the particles of the system, say a permutation symmetry, PN or a continuous symmetry
SO(N), including the frame of reference might increase this to an SN+1 or SO(N + 1). In
the canonical formalism this might extend an sp(n) symmetry of symplectic geometry to
an SO(d+ 1, d) symmetry.
We should also note the subtle behaviour of degrees of freedom attributed to physical
reference frames. To serve their purpose, they must be very weakly coupled to the other
physical degrees of freedom, hence they must be close to a limit in which some decou-
pling parameter, λ is taken to zero. But one cannot take the limit in which λ = 0 lest
they decouple completely. Often one is interested then in only the linear, response of the
measuring instruments to the physical degrees of freedom they give access to.
This paper continues and brings together, several previous lines of research, on the
basis of the new perspective offered by the investigations into dynamical and quantum
frames of reference[5]-[9][10]. These include the proposal to extend dualities to trialities
put forward in [15]. A model for this extension is found in the study of a special kind
of matrix model, cubic in the matrices[11]-[16]. These are models which have a diverse
set of avators, which may emerge from them, including topological field theories, gauge
theories and theories of gravity[16].
In this paper, we study first the most elementary cases, in which the reference degree
of freedom is only a time parameter, so the gauge symmetry which enforces its redun-
dency is time reparametrization. This is spontaneously broken, freezing the choice of
time variables, which may then be identified as the reading of an internal clock.
We next locate the symmetry whose breaking gives rise to the separation of a frame of
reference which includes a clock, as an augmentation of the fundamental Born duality to
a triality. The extra, third degree of freedom is a gauge parameter that under symmetry
breaking to distinguish it, it becomes an operator that measures the time rate of change
of other operators..
We will see in detail how this works in both classical and quantum mechanics.
In the classical case this transformation amongst frames of reference is found to be
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an element of a group of transformations- such as the Galilean or Poincare groups. But
the quantum case is believed to be considerably more intricate, because the observer and
system may be entangled or in superposition of states in which the frame of reference has
definite values.
Here, I propose a general solution to this cluster of problems based on the following
schema (or principles1.)
1) Both classical and quantum dynamics are built on dualities. In classical mechanics
this is the Born duality between momentum and position[27]. In quantum mechanics we
also have a form of Born duality; and we have as well the duality between bra and ket: or
in other words between preparation and measurement.
2) In both cases the duality pivots on a fixed, static point, which represents a fixed
frame of reference. These are the clock, (the choice of which is also represented in the
choice of symplectic structure (in classical physics), and the hermitian inner product of
Hilbert space. This is no surprise, as we know the symplectic structure and the Hilbert
space inner product are closely tied to each other.
3) In order to realize the symmetry that trades physical system and frame of reference,
we must enlarge the duality to a triality, as suggested in [15], whose third element is
precisely the symplectic structure or Hilbert space norm that gives meaning to the basic
observations (which are always of relative quantities.). The classical triality is
xa ↔ pb ↔
d
dt
(1)
The quantum version is
< Ψ| ↔ |Φ >↔ † (2)
I also describe below, the same idea expressed in terms of an extension of symplectic
geometry, in which a 2n dimensional phase space, Γ is augmented by the addition of an
explicit clock variable, to a d = 2n + 1 dimensional space, τ . The quadratic and antisym-
metric Poisson structure, Ω, on Γ is augmented to a triple product, Φ, antisymmetric, on
τ . Φ is represented by a three-form on τ , and we can see explicitly how its symmetry
is broken by the choice of a time variable, reducing the three form, Φ to the symplectic
two-form Ω.
In this paper I present a model for how physical reference frames emerge from a spon-
taneous breaking of this triality symmetry in both classical and quantum physics. The
model is a particular matrix model[22]-[26], by which is meant a model whose degrees of
freedom are described as large matrices. The meaning of large is that we will often want
to take limits in which the dimension of the matrices are taken to infinity. This, as we
shall see, is necessary for quantum physics (ie the Heisenberg algebra) to fully emerge.
There is a vast literature on such models; the ones I will be interested in here have
the feature that their actions contain or are dominated by the simplest possible non-linear
dynamics[11]-[16]:
S3 = TrM3 (3)
1I want to emphasizethat this is not the only approach to these issues, see for example [10] or [5]-[9].
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whereM is an traceless, HermitianN×N matrix. These turn out to model well the triality
I spoke about above, that underlines the emergence of a quantum reference frame.
To see how triality emerge, let N = 2M and, recalling that M is required to be trace-
free, consider the following tensor product decomposition ofM
M =
∑
J
τJ ⊗MJ (4)
where the three τ I , I = 1, 2, 3 are the three trace-free Pauli matrices and MJ are three
M ×M matrices. Then the action (3) is
S3 = ǫIJKTr (MIMJMK) (5)
We will see that a very simple matrix system such as the above, can give models of
both non-relativitstic and relativistic dynamics, classical and quantum, in a way that il-
lustrates the role on internal reference systems and their symmetries. We will examine
this in the next section, 2. Remarkably, as shown in [16], they also may describe versions
of string theory and topological field theories, including Chern-Simons theories.
Among the many papers which develop these techniques, some of hte clearest are two
review papers of Washington Taylor [18]. These give a review of the most important tool
we will need. A summary is also provided in the second Chapter of [16]
A final remark: To motivate the truncations we study we may recall the idea of noise-
less or decoherence free subspaces, from quantum information theory. In these systems,
persistent, physical degrees of freedom are brought into existence by splitting the sys-
tem into subspaces, in a way that introduces symmetries in the interactions of those sub-
spaces with their environments[28]. Indeed it has been argued that in some cases emer-
gent gauge symmetries can be understood as arising from noiseless subsystems[29], and
that this may be the origin of physical degrees of freedom in background independent
systems[30].
Finally, some of the text that follows are revisions of text from earlier papers where
these models were presented[15, 16] but without the unifying theme of this paper.
2 Examples of extending dualities to trialities: classical the-
ories
1. The triality behind classical mechanics.
It is worth emphasizing that the equations of motion in physics have a particu-
lar structure which distinguishes them from other systems that science studies that
evolve in time.
This is the fact that the dynamical variables come in pairs, which we call configura-
tions, xa and momenta, pa that satisfy Poisson bracket relations
{xa, pb} = δ
a
b (6)
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which have equations of motion of the characteristic form
x˙a = qabpb, p˙a = −∇aV (x) (7)
This canonical structure is imparted by the first term in the action
Ssymp =
∮
dspa(s)
dxa(s)
ds
(8)
From this we see the Born duality
xa ↔ pb (9)
Now let’s look at this structure from a background independent point of view (no-
tice that there is no metric in (8)) and we see that time appears to be a background
structure. However, note that the symplectic action (8) is invariant under reparam-
eterizations of the time coordinate,
s→ s′ = f(s) (10)
Hence, there is a hint of a larger triality symmetry
xa ↔ pb ↔
d
ds
(11)
To bring this out, we have to represent the system in terms of three dynamical ob-
jects,MI , where I = 0, 1, 2 are
xa(s)→ M1, pb(s)→M2,
d
ds
→M0 (12)
In the next section, we will see in detail that this can be realized by an algebra of
three N ×N matrices, in a limit, N →∞, chosen so that
SN = TrM2M0M1 =
∮
dsTrMpa(s)
dxa(s)
ds
(13)
Hence the hint of a triality (11) is realized as both an S3 permutation symmetry and
an SO(3) gauge symmetry of the matrix theory action,
SN = ǫIJK
1
6
TrMIMJMK (14)
where I = 0, 1, 2.
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2. Triality from an extension of symplectic geometry.
This is a slightly more formal version of how this works in classical mechanics.
We describe the phase space P = (qa, pb) as a 2d dimensional symplectic manifold
whose coordinates can be gotten if we use the metric on momentum space, hab to raise
the one forms pa to vectors
pa = habpb. (15)
We then define coordinates
XI = (xa, pb) (16)
with I = 1....2d.
We can then define the symplectic two form as
Ω = ΩJKdXJ ∧ dXK (17)
Its properties are that
ΩJK = −ΩKJ , dΩIJ = 0 (18)
In terms of it, the Poisson bracket is
{f(X), g(X)} = ΩIJ
df
dXI
dg
dXJ
=
df
dqa
dg
dpa
−
df
dpb
dg
dqb
(19)
The symplectic action (8) is then
Γ =
∫
dsXJ(s)ΩJK
dXK(s)
ds
=
∫
dspa(s)
dqa
ds
= (20)
This has symplectic symmetry Sp(d) as well as a discrete ”Born duality” under
qa ↔ pa (21)
To extend this duality to a triality we introduce one more dimension, x0, giving us
SO(d+ 1, d) invariant manifold, Q. Its coordinates are
Xµ = (x0, XI) = (x0, qa, pb) (22)
We extend the two form ΩJK to a three form
Φµνγ (23)
which, hence, is antisymmetric, and which is defined as
Φ0JK = ΩJK , dΦµνγ = 0 (24)
7
Or we can write:
Φµνσ = η0[αΩβγ] = t
δηδ[α = Ωβγ] (25)
We assume there is the structure of a flat metric in the 2+ 1 dimensional space; later
we could relax this.
We can then define a triple product which generalizes the Poisson bracket
{f, g, h} = (∂αf)(∂βg)(∂γh)Φ
αβγ (26)
Let tα be a time-vector field, and s a correesponding time coordinate, so that the
derivative of a function f with respect to s is given by
df(q)
ds
= Ltf(q(s)) = t(f) (27)
By virtue of the above definition, the symplectic potential (8) is
Γ =
∫
dsXαΦαβγη
γδ(∂δX
β) (28)
3 Cubic matrix theory as a template for a relational dynam-
ics
In this section I introduce the cubic matrix models and review what is known about
them[11, 12, 13, 14]. We will see that they provide an explicit realization of the ideas
we have been discussing.
We start with N = 2P dimensional trace free hermitian matrices, M , and write the
simplest action possible:
Sbasic =
1
3
TrM3 +
1
2m
TrM2 (29)
wherem is a dimensionless mass, and we impose
Tr(M) = 0 (30)
The equations of motion are
M2 −
1
N
TrM2 =
1
m
(M −
Tr(M)
N
I) =
1
m
M (31)
We next reduce this to a matrix theory, of a form previously studied in [11, 12, 13, 14]
whose degrees of freedom are three elements of an algebra:
Ma ∈ A (32)
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where a = 0, 1, 2 and A is some P × P dimensional matrix algebra (or possibly a more
general algebra, possessing a commutator and a trace.)
We combine these together back into the single tracefreeM using the tensor product,
M = τJ ⊗MJ (33)
where τJ are the three Pauli matrices, which define also a three-metric,
ηJK = Tr(τJτK) (34)
They satisfy,
τJτK = ηJKI +
ı
2
ǫJKLτL (35)
The three matricesMJ , with J = 0, 1, 2 are large P × P matrices.
The action becomes
S =
ı
2
ǫabcTr(MaMbMc)−
1
2m
Tr(MJMK)η
JK − λJTrMJ (36)
The equations of motion are
ǫabc[Mb,Mc] =
1
m
Ma + λaI (37)
and, varying the lagrange multiplier λa
TrMJ = 0 (38)
This theory has a natural triality symmetry given by the permutation group on the
three index values, a, b, c = 0, 1, 2. The action is also invariant under the global SO(1, 2) (
or SO(3)) symmetry group of ηab:
Ma → Λ
b
aMb, (39)
We will see shortly that the permutation (or triality) symmetry represents the freedom
to choose some of the degrees of freedom of each of the matrices as given rise to frames
of reference. Two such choices are related by a permutation that exchanges degrees of
freedom taken to make up the quantum system with those that represent the frame of
reference.
On the other hand, the global symmetries (39) will correspond to the usual changes of
reference frame under rotations, boosts etc.
There is also a gauge symmetry, Let G be the automorphism group of A. Our action
has a large gauge symmetry under:
Ma → g
−1Mag, g ∈ G. (40)
These will give rise to the unitarity of quantum dynamics, which we will see is repre-
sented non-linearly once a reference system is chosen.
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3.1 Solutions and the emergence of dynamics
We rename two of the matrices:
M1 = P ; M2 = X (41)
We begin building solutions to the equations of motion of the theory.
We make extensive use of the compactification of matrixes which produces theories
on tori, which are reviewed in [16].
We first imagine for a moment we are in a basis of frequency eigenstates, of a quantum
particle on a circle, as is reviewed in [18, 16] We chose to diagonalize X . The diagonal
components are eıωk , where ωk =
2pik
N
. ie we have
Xkk = e
2piı k
N , Xl 6=k = 0 (42)
So the trace is
TrX =
∑
k
Xkk =
∑
k
e2piı
k
N = 0. (43)
3.2 Classical or quantum mechanics?
As we have set it up so far, the entries of the N ×N matrix, (42) are complex numbers, so
the sum (43) is the ordinary sum. If we continue with this wewill reach classical dynamics
of a one dimensional harmonic oscillator in a few steps, as we will verify. But we want to
get to quantum mechanics, and to do that we expand each matrix element Xkl and Pkl to
anM ×M matrix, where we are going to takeM to infinity, along with P . That is we now
will have matrices of dimension,
N = 2PM (44)
where P andM will both be taken to infinity. The trace of such a matrix becomes
TrZ =
∑
k
TrMXkk (45)
that is we take the trace of each M × M matrix that the diagonal matrix elements Xkk
indicates, and sum over them.
We can thus take as an ansatz for the X matrix elements,
Xkk = e
2piı k
N ⊗ IM×M , Xl 6=k = 0 (46)
3.3 Breaking a symmetry to introduce a physical reference frame
We now introduce the V operator[16, 18] which satisfies
[V,X ] = diag(ωke
2piı k
N )⊗ IM×M (47)
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Thus we have,
TrP [V,X ] =
∑
k
kTrMP (k)X(k) (48)
where X(k) = Xkk and P (k) = Pkk. By fourier transform we also have, in the limit
N →∞,
TrP [V,X ] =
∮
dsTrMP (s)
dX(s)
ds
(49)
where X(s) =
∑
k e
ı2piskX(k).
Thus the matrix operator V represents a physical internal clock. Its action on another
degree of freedom, represented by a large matrix, is to extract the time derivative of that
degree of freedom. It is a dynamical frame of reference that gives meaning to the time
derivative, and hence the time dependence of other degrees of freedom. In other words,
V is an example of an operator that represents a dynamical, internal reference frame,
with a bounded precision given by N . When we take the limits N,M → ∞ our matrixes
become representations of quantum operators. In that limit, V will come to represent a
quantum reference frame for time.
We also see by (48,49) that the introduction of a physical clock, by the specification of
a solution, in this way fixes the sympectic structure for the remaining degrees of freedom,
P and X . We will see below that this gives rise to the Heisenberg commutation relations
when the limits just mentioned are taken.
We can make any of the three matrix degrees of freedom carry a physical clock, and
hence be a physical frame of reference, by inserting V into the corresponding matrix. We
do this by shifting the matrix by V .
We chose to introduce the frame of reference into theM0 degrees of freedom by a shift
M0 = V + ıA (50)
where V is fixed and the degrees of freedom are now in the tracefree matrix A.
A transforms non-linearly under the symmetries (39,40), ie it transforms like a connec-
tion.
The shift (50) appears to break the symmetries (39,40), but since it leads to the solution
of the equations of motion, it can be considered a spontaneous breaking. We see that the
shifted degrees of freedom ofM0 take on the role of a connection, related to the emergent
notion of time given by the shift of M0 by V . This is indeed exactly how we introduce
a non-linear realization due to a spontaneous broken symmetry in a Higgs system by
shifting the value of the Higgs field.
The action is then, after the shift
S =
ı
2
∮
dsTrM
(
P (s)[
dX(s)
ds
+ A(s)X(s)]−
1
2m
(X(s)2 + P (s)2 + (V + A)2))
)
−
− λ0TrA+ λxTrX + λPTrP (51)
11
and the equations of motion are
dX(s)
ds
+ [A(s), X(s)] =
p
m
+ λXI (52)
dP (s)
ds
− [A(s), P (s)] = −
x
m
+ λP I (53)
[X(s), P (s)] = ıλ0I (54)
Finally, we choose the lagrange multipliers as
A = 0 = λX = λP = 0 (55)
But at this last step we break the symmetry by keeping λ0 finite. So finally we have,
dX(s)
ds
=
P
m
(56)
dP (s)
ds
= −
X
m
(57)
[X(s), P (s)] = ıλ0I (58)
We note that each of these equations of motion areM ×M matrix equations, regarded
in the limit M → ∞. In this limit, and only then, the Heisenberg equations of quantum
mechanics are derived as the limit of an infinite set of classical equations of motion.
We should be aware of the apparent paradox that the traces of the left and right sides
of the uncertainty relations (54,58) are not equal. For any finiteM we would be forced to
take λ0 = 0 and so recover justM copies of classical mechanics. Only if we takeM → ∞
can we introduce small terms that go away as M → ∞ which makes the expression
consistent.
In the following section we will see how to combine this with choices of physical
rulers, which will similarly give rise to quantum reference frames that can anchor defini-
tions of both space and time. In the next subsection we see how to extend from a particle
moving on a circle to one moving in higher dimensional spaces.
3.4 Introducing additional dimensions.
Unpacking this let us further2 decompose the algebra A,
A = T d ⊗Hmd (59)
where T d generates translations in d dimensions andHmd are the Hermitian matrices inM
dimensions, in the limitM →∞. (We could equivalently take these latter to be hermitian
observables algebra in some Hilbert space.) Then we can write
M1 = T
µ ⊗ Pµ(t), M2 = Tµ ⊗X
µ(t), (60)
2The contents of this subsection come originally from [16].
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whereXµ(t) and Pµ(t) are each d hermitianmatrices of high dimensionM . M0 is as before.
T µ are translation generators which satisfy
TrT µ = 0, T rT µT ν = ηµν (61)
Then the A equations of motion remain the Heisenberg algebra, again with λ0 ∼ ~.
[Xµ, Pν] = ı~δ
µ
ν I (62)
The action is now,
S =
ı
2
∮
dsTrM(Pµ(s)[
dXµ(s)
ds
+ A(s)Xµ(s)]−
1
2m
(X(s)2 + P (s)2 + (V + A)2))
− λ0(V + A) + λxµX
µ + λµPPµ) (63)
and the equations of motion are
dXµ(s)
ds
+ A(s)Xµ(s) =
P µ
m
+ λXI (64)
dPν(s)
ds
−A(s)Pν(s) = −
xν
m
+ λPνI (65)
[Xµ(s), Pν(s)] = ıδ
µ
νλ0I (66)
3.5 Broken duality and the principle of inertia
The action (63) and equations of motion (64-66) can be transformed by the following scal-
ings, and we also set the lagrange multipliers ().
Xµ → γXµ
Pµ → Pµ
s → γs
λ0 → γλ0 (67)
When we take the limit γ → 0, we find the free equations of motion.
dXµ(s)
ds
=
P µ
m
(68)
dPν(s)
ds
= 0 (69)
[Xµ(s), Pν(s)] = ıδ
µ
νλ0I (70)
We note that the limit γ → 0 breaks the Born duality that mixes up the Pµ with theX
µ.
Moreover, note that we have derived the principle of inertia.
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We learn a centrally important lesson, which is that in a purely relational system, the
principle of inertia only appears as an emergent law in a limit. This is because intrinsi-
cally, every degree off freedom is coupled to every other. The principle of inertia appears
only in a limit in which a subset of degrees of freedom decouple. Indeed, this is what
makes it possible for these nearly decoupled degrees of freedom to provide a stable frame
of reference, against which all the others may be referenced.
To make this completely clear, consider a different limit in which one decouples, not
all the Pµ’s, but only one, or a small number of them.
Xµ → γXµ, µ = 1, 2, 3 otherwiseXµ → Xµ,
Pµ → Pµ
s → γs
λ0 → γλ0 (71)
Note that this is also, essentially, a statement of Mach’s principle. Acceleration, and
its opposite, inertia , (the absence of acceleration), arises, when defined in relation to the
motions of everything else in the universe. What is required is only to push almost all
the matter up to the distant starts, decoupling the few near us, and so defining the local
inertial frames. This is what the limit γ →∞ achieves.
3.6 Recovery of the free relativistic particle
Is there a way to get the action for a relativistic free particle3, from a cubic matrix the-
ory? There is at least one way which involves extending the Pauli matrices from 3 to 4
dimensions. This still can be coded by a single tracefree N ×N matrixM, with the action
still,
S2+3 = TrM3 + TrM2 (72)
We first expand the three Pauli matrices to four,
M = τα ⊗Mα (73)
The fourth Pauli matrix (corresponding to α = 3) proportional to I2×2 with α = a, 3,
with τ 3 = I2×2.
We now, parametrize the whole d× P ×M set of four matrices by
M = τ 1 ⊗ τJ ⊗ PJ + τ
2 ⊗ τI ⊗X
I + τ 0 ⊗ I ⊗ (V + A) + τ 3 ⊗ I ⊗M3 (74)
where
M3 = N ⊗ IM×M (75)
3The contents of this subsection come mainly from [15]
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We next introduce again the scaling parameter γ
M0 =
(
2
γ
∂ˆtI
′ + A0(t)
)
(76)
M1 = γX
µ(t)Tµ, M2 = Pµ(t)T
µ (77)
We take the limit γ → 0, which signals we are breaking Born duality, to find that the
action has become again free,
S2+3 →
∮
dtTrM
(
Pµ
dXµ
dt
+ A0[X
µ, Pµ] +N
(
PµPνη
µν +N 2
)
+ λ0TrA0
)
(78)
We understand the emergence of the free relativistic partice in the same light as above.
We note that the LagrangemultiplierN gives also the mass, which is arbitrary. The reader
can easily verify that in the limit M → ∞ the classical equations of motion become the
Heisenberg equations for the free relativistic quantum particle.
3.7 Compactification to Chern-Simons theory
Once we have understood these elemntary systems, we can go on to do more sophisti-
cated compactifications, out of which emerge topological field theories, gauge theories
and gravity.
These are described in [16]; here we will present only Chern-Simons theory. To get
it we compactify on a three-torus, T 3 = (S1)3, go back to the parameterization (33) and
consider only the cubic term, so that the action is
S3 = TrM3 = ǫabcTr (MaMbMc) (79)
The equations of motion are simple,
[Ma,Mb] = 0 (80)
We compactify on a three torus, using the compactification scheme described in [16,
18] three times. We find a solution to the equations of motion (80)
Ma = ∂ˆa, [∂ˆa, ∂ˆb] = 0 (81)
We expand around this solution
Ma = ∂ˆa + Aa(x
a) (82)
to find Chern-Simons theory for a gauge group, SU(M).
Sf → SCS =
∫
T 3
Tr′A ∧ dA+ A3 (83)
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4 Conclusions
We developed here two ideas about the structure of physical theories. The first is that in a
background independent theory, the canonical duality that mixes up configuration with
momentum is extended to a triality, that mixes those two with the temporal reference
frame. Conversely, the standard canonical form of dynamics arises from a spontaneous
breaking of a symmetry that mixes up the degrees of freedom of a frame of reference with
the other degrees of freedom of the system.
The second idea is that a cubic matrix model allows us to express the first idea in a
general framework that, depending on diferent limits, symmetry breakings and compact-
ifications, can represent classical or quantum mechanics, or even Chern-Simons theory.
Before closing, I want to mention that there are a number of older motivations for
seeking a unification of physics in the context of the cubic matrix models disussed here.
• There are arguments that to make string theory background independent it is nec-
essary to extend it to a membrane theory[22].
• The strategy of starting with a purely cubic background independent action, whose
solutions define a background, appeared earlier in string field theory[37]. These
theories were, however, subject to technical issues, which I conjectured could be
resolved by framing them as membrane theories rather than string theories[11, 12,
13].
• Indeed, one way to express a membrane theory is through amatrix model[23, 24, 19,
25, 26, 12, 13]. However once one is studying non-linear dynamics for very large or
infinite matrices there is a trick which can be used to reduce any non-linear dynam-
ics to quadratic equations. This is to reduce the degree of equations by introducing
auxiliary fields-and then coding these auxiliary fields in the degrees of freedom of
an expanded matrix. You can do this to reduce any non-linear equations to the
simplest possible non-linear equations-which are quadratic equations. Hence any
matrix theory should be in its most unified and compressed formwhen described by
a cubic action[16]. This suggests a theory based on an algebra with a triple product
defining a generalized trace.
• In [13] the triality of the octonions, which generates a symmetry of the exceptional
Joran algebra, is seen to extend the duality to a triality symmetry related to the
representation theory of SO(8). This is the unique dimension, d, in which the fun-
damental spinor rep, S, (as well as the dual spinors, S˜ rep ), have each the same
dimension as the vector, V , namely d = 8. This gives us a cubic invariant from the
intertwiner,
I : V ⊗ S ⊗ S˜ → C (84)
Indeed, cubic matrix models have natural triality symmetries[11, 12, 16, 13].
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• The cubic matrix models have been used to propose a unification of gravitational
and Yang-Mills dynamics[16].
• An even deeper unification bringing together the law with the state is described in
[32].
• Finally, quantum mechanics itself can be understood as a consequence of matrix
dynamics[33]-[36]; in these relational hidden varaibles theories, the be-ables are in fact
matrix elements.
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